ON THE DEGREE FIVE L-FUNCTION FOR GSp(4) 



DANIEL FILE 



Abstract. I give a new integral representation for the degree five (standard) 
L-function for automorphic representations of GSp(4) that is a refinement 
of integral representation of Piatetski-Shapiro and Rallis. The new integral 
representation unfolds to produce the Bessel model for GSp(4) which is a 
unique model. The local unramified calculation uses an explicit formula for 
the Bessel model and differs completely from Piatetski-Shapiro and Rallis. 



1. Introduction 

In 1978 Andrianov and Kalinin established an integral representation for the 
degree 2n + I standard i-function of a Siegel modular form of genus n [1,. Their 
integral involves a theta function and a Siegel Eisenstein series. The integral repre- 
sentation allowed them to prove the meromorphic continuation of the i-function, 
and in the case when the Siegel modular form has level 1 they established a func- 
tional equation and determined the locations of possible poles. 

Piatetski-Shapiro and Rallis became interested in the construction of Andrianov 
and Kalinin because it seems to produce Euler products without using any unique- 
ness property. Previous examples of integral representations used either a unique 
model such as the Whittaker model, or the uniqueness of the invariant bilinear form 
between an irreducible representation and its contragradient. It is known that an 
automorphic representation of Sp4 (or GSP4) associated to a Siegel modular form 
does not have a Whittaker model. Piatetski-Shapiro and Rallis adapted the integral 
representation of Andrianov and Kalinin to the setting of automorphic represen- 
tations and were able to obtain Euler products 23!; however, the factorization is 
not the result of a unique model that would explain the local-global structure of 
Andrianov and Kalinin. They considered the integral 



<P{g)eT{g)Eis,g)dg 

SP2„(^')\SP2„(A) 

where E{s,g) is an Eisenstein series induced from a character of the Siegel para- 
bolic subgroup, (f> is & cuspidal automorphic form, T is a n-by-n symmetric matrix 
determining an n dimensional orthogonal space, and Orig) is the theta kernel for 
the dual reductive pair Sp2„ x 0(Vt)- 

Upon unfolding their integral produces the expansion of along the abelian 
unipotent radical N of the Siegel parabolic subgroup. They refer to the terms in 
this expansion as Fourier coefficients in analogy with the Siegel modular case. The 
Fourier coefScients are defined as 

(j)T{g)= j (t){ng)ipT{n)dn. 

N{F)\N{A) 
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Here, T is associated to a character ipT of N{F)\N{A). These functions (j)T do not 
give a unique model for the automorphic representation to which (jj belongs. The 
corresponding statement for a finite place w of F is that for a character tpy of N{Fy) 
the inequality 

does not hold for all irreducible admissible representation 7r„ of Sp2„(i^i;). 

However, Piatetski-Shapiro and Rallis show that their local integral is indepen- 
dent of the choice of Fourier coefficient when w is a finite place and the local represen- 
tation TTy is spherical. Specifically, they show that for any £t G Homjv(F„)('''ui V'd) 
the integral 

vo^ I det(g)|ri/2 ^ dy{s)L{ny, ^l±l)eT{vo) 

Mat„(0^)nGL„(F„) 

where vq is the spherical vector for tt^,, is the ring of integers, and dy{s) is a 
product of local ^-factors. At the remaining "bad" places the integral does not 
factor, and there is no local integral to compute. However, they showed that the 
integral over the remaining places is a meromorphic function of s. 

In this paper I present a new integral representation for the degree five L- function 
for GSp4 which is a refinement of the work of Piatetski-Shapiro and Rallis. Instead 
of working with the full theta kernel, the construction in this paper uses a theta 
integral for GSp4 x GSO2. This difference has the striking effect of producing 
the Bessel model for GSp4 and the uniqueness that Piatetski-Shapior and Rallis 
expected. Therefore, this integral factors as an Euler product over all places. I 
compute the local unramified integral when the local representation is spherical 
using the formula due to Sugano |32) . 

In some instances an integral representation of an L- function can be used to prove 
algebraicity of special values of that L-function (up to certain expected transcen- 
dental factors). Harris [10], Sturm [33], Bocherer 0, and Panchishkin [21] applied 
the integral representation of Andrianov and Kalinin to prove algebraicity of spe- 
cial values of the standard L-function of certain Siegel modular forms. Sliimura [30] 
also used an integral representation to prove algebraicity of these special values for 
many Siegel modular forms including forms for every congruence subgroup of Sp2„ 
over a totally real number field. 

Furusawa [7] gave an integral representation for the degree eight L-function for 
GSp4 X GL2. Furusawa's integral representation unfolds to give the Bessel model 
for GSp4 times the Whittaker model for GL2, and he uses Sugano's formula for 
the spherical Bessel model to compute the unramified local integral. Let $ be a 
genus 2 Siegel eigen cusp form of weight £, and let tt = i^^Tr^ be the automorphic 
representation for GSp4 associated to it. Let 5* be an elliptic (genus 1) eigen cusp 
form of weight £, and let r = (8>uT« be the associated representation for GL2. As 
an application of his integral representation Furusawa proved an algebraicity result 
for special values of the degree eight L-function L(s, $ x provided that for all 
finite places v both tt^ and r„ are spherical. This condition is satisfied when $ and 
^ are modular forms for the fuh modular groups Sp4(Z) and SL2(Z), respectively. 

A recent result of Saha 28^ includes the explicit computation of Bessel functions 
of local representations that are Steinberg. This allowed Saha to extend the special 
value result of Furusawa to the case when tt^ is Steinberg at some prime p. Pitale 
and Schmidt [25 considered the local integral of Furusawa for a large class of rep- 
resentations Tp and as an application extended the algebraicity result of Furusawa 
further. 

In principle one could explicitly compute the local integral given in this paper 
using the formula of Saha at a place where the local representation is Steinberg. 
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Considering the algebraicity results of Harris [lOj, Sturm [53], Bocherer [3], and 
Panchishkin [3T] that involve the integral of Andrianov and Kalinin, and the explicit 
computations for Bessel models due to Sugano [37 , Furusawa fT, and Saha [28], it 
would be interesting to see if the integral representation of this paper can be used 
to obtain any new algebraicity results. This is a question I intend to address in a 
later work. 

2. Summary of Results 

Let TT be an automorphic representation of GSp4(A), </) G V^, an automorphic 
character on GS02(A) the similitude orthogonal group that preserves the symmetric 
form determined by the symmetric matrix T , 6^{v^^) the theta lift of to GSp4 
with respect to a Schwartz-Bruhat function ip, and E(s,f,g) a Siegel Eisenstein 
series for a section /(s, — ) e Indp|*|((5p ^^*~^^^^). Consider the global integral 

Iis;f,^,T,iy,cp)^I{s):^ J Eis, f, g)^{g)0^{iy-'){g) dg. 

Zf,GSp4iF)\GSp4iA) 

Section 1^ contains the proof that I{s) has an Euler product expansion 
Iis)= I f{s,g)cb^--'ig)u;ig,lMWdg-l[l.is) 

where integrals Iy{s) are defined to be 

Ivis) = J fy{s,gy)ct)^'''{gy)ujy{gy,l)ipy{l2)dgy. 

N{F,)\Gi{F^) 

The function 0^'" belongs to the Bessel model of ny. 

Section [TT] includes the proof that under certain conditions that hold for all but 
a finite number of places v, there is a normalization I*{s) = Cvi-s + l)(^y{2s) Iy{s) 
such that 

Ivis) = L{s,1Ty®XT) 

where xt is a quadratic character associated to the matrix T. Section [TT] deals 
with the finite places that are not covered in Section [TT] For these places there is a 
choice of data so that Iy{s) = 1. Section [15] deals with the archimedean places and 
shows that there choice of data to control the analytic properties of Iv{s). 
Combining these analyses give the following theorem. 

Theorem 1. Let n be a cuspidal automorphic representation of GSp^^A), and cf) G 
14-. Let T and v he such that 4>^''^ ^ 0. There exists a choice of section f{s,—) G 

-^'^'^(A)(^p''^^'' ^^^'*)' '''^'^ some if = ®yLpy e iS(X(A)) such that the normalized 
integral 

I*{s; /, <P, T, ly, ip) = d{s) ■ L^{s, tt (g> xt,v) 
where S is a finite set of bad places including all the archimedean places. Fur- 
thermore, for any complex number sq, there is a choice of data so that d{s) is 
holomorphic at sq, and (i(so) 0. 

3. Notation 

Let be a number field, and let A = Ap be its ring of adeles. For a place v of 
F denote by Fy the completion of F at v. For a non- archimedean place v let Oy 
be the ring of integers of Fy, and let py be its maximal ideal. Let q„ = [Oy : py]. 
Let Wy be a choice of uniformizer for py, and let | • |„ be the absolute value on Fy, 
normalized so that | Wy | „ — ^ . 
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For a finite set of places S, let A'^ = Y[ 'Pv, and A5 — Y[ particular, 
Aoo = n -P"". and Afi„ = J] '^i-- 

v\oo v<co 

Denote by Mat„ the variety of n x n matrices defined over F. Sym„ is the variety 
of symmetric n x n matrices defined over F. 

Let G = GSp4 = {g e GL^] ^gjg = Ag(5)J} where 

1 



-1 

Fix a maximal compact subgroup K of G(A) such that K = Ky where Ky 
is a maximal compact subgroup of G{Fy), and at all but finitely many finite places 
Ky = G{Oy). According to [THl 1.1.4] the subgroups Ky can be chosen so that for 
every standard parabolic subgroup P, G{A) = P{A)K, and M(A)r\K is a maximal 
compact subgroup of M(A). 

4. Orthogonal Similitude Groups 

A matrix T € Sym2(-F) with det(T) 7^ determines a non-degenerate symmetric 
bilinear form ( , )t on an Vr = -F^: 

The orthogonal group associated to this form (and matrix T) is 
0{Vt) = {/i G GL2\*hTh = T}. 

Similarly, the similitude group GO{Vt) = {h e GLn\^hTh = At(/i)T}, and 
GSO{Vt) is defined to be the Zariski connected component of GO(Vt). Note that 
since dimiyr) = 2, and h e GSO{Vt), then X{h) = det(/i). 

Let XT be the quadratic character associated to Vr- If E/F is the discriminant 

field of Vt, i.e. E^ F (^-det(T)) , then 



C 



is the idele class character associated to E by class field theory. It has the property 
that XT = ®Xt,v where XT,v{a) — (a, — det(T))„, and ( , )„ denotes the local Hilbert 
symbol [211 § 0.3]. Consequently, each Xt.d o A^_e„/f„ = 1 where Ne^/f^ is the norm 
map Chapter III, Proposition 1]. Note that Ne^/f^ = det = At- 

4.1. The Siegel Parabolic Subgroup. Let P — MN be the Siegel parabolic 
subgroup of G, i.e. P stabilizes a maximal isotropic subspace X — span^{ei,e2} 
where is the ith standard basis vector. Then P has Levi factor M = GLi x GL2 
and unipotent radical = Sym2 = G^. For g e GL2, define 



For X £ Sym2, define 



m(g) 



n{X) 



g 



X 

h 



G M. 



e N. 



Let Sp be the modular character of P. 



For m — 



g 



*.g-iA 



G M and n e N, Sp{mn) = | dct{g)^ - A ^|a. It is possible 

to extend Sp to all of G. For g = nmk where n ^ N, m ^ M, and k G K, define 
6p{g) = dp{m). This is well defined because 5p{m) = 1 for m G M n K . 
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5. Bessel Models and Coefficients 



5.1. The Bessel Subgroup. Let ip be an additive character of F\A. There is a 
bijection between Sym2(-F) and the characters of N{F)\N{A). For T e Sym2(-F) 
define 



V'T : N{F)\N{A) C 



(1) 



Since M{F) acts on N{F)\N{A), it also acts on its characters. Define Ht to be 
the connected component of the stabihzer of ipr in M. For g G GL2, define 



Kg) 
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Then 



det{g) 

HT = {b{9)\ 'gTg^detig)-T}. 



Then Ht is an algebraic group defined over F isomorphic to GSO{Vt) where 
Vt is defined as above. 

The adjoint action of M{F) on the characters of N{F)\N{A) has two types of 
orbits. They are represented by matrices 



1 



-p 



with/9 ^ F^'^, and Tspia 



1 



1 



The quadratic spaces corresponding to these matrices have similitude orthogonal 
groups 



and 



GSO{Vt^) 













X 


PV 






V 


X 









y 



xy^O 



(2) 



For the rest of this article assume that p ^ F^'^, and only consider T ~ Tp. 
Define the Bessel subgroup R — Rt = HtN . Consider a character 

V : Ht{F)\Ht{A) C. 

Then define 

v®il)T ■■ R{F)\R{A) C 

v®il)T{tn) = v{t)ipT{n) t e HriA), n e N{A). 

This is well defined since Ht normalizes ipT- 

Similarly, for a place u of F there are local characters 

5.2. Non- Archimedean Local Bessel Models. Let u be a finite place of F. Let 
B be the space of locally constant functions (p ■ G(F„) C satisfying 

4){rg) =Vy'S) 'ipT,v{r)4'{g) 

for all r G i?(F„) and ah g G G{Fy). 

Let TTv be an irreducible admissable representation of G{Fy). Piatetski-Shapiro 
and Novodvorsky [5D] showed that there is at most one subspace B{ny) C B such 
that the right regular representation of G(Fu) on B{TTy) is equivalent to tt^. If the 
subspace S(7r^) exists, then it is called the ly^ '>Pt,v Bessel model of tt^. 
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5.3. Archimedean Local Bessel Models. Now suppose v is an infinite place of 
F. Let be the maximal compact subgroup of G{Fy). Let B be the vector space 
of functions </> : G{Fy) —> C with the following properties [24]: 

(1) (j) is smooth and if„-finite. 

(2) (j){rg) = v^® '4'T,v{r)(t>ig) for aU r G and all g £ G{F^). 

(3) (f> is slowly increasing on Z{Fy)\G{Fy). 

Let TTi, be a {qx^ Ky)-uiod\ile with space V^r^- Suppose that there is a subspace 
B(7r^) C S, invariant under right translation by g« and Ky, and is isomorphic as a 
(g^, ift,)-module to 7r„, then i3(7r^) is called the Vv®'iI)t,v Bessel model of 7r„. In some 
instances the Bessel model at an archimedean place is known to be unique. For 
example, when w is a real place and 7r„ is a lowest or highest weight representation 
of GSpiiM) the Bessel model of tTu is unique [24]. It is also known to be unique 
when the central character of 7r„ is trivial [2^. The results of this article do not 
depend on the uniqueness of the Bessel model at any archimedean place; however, 
if the model is not unique, then there is no local integral. 

5.4. Bessel Coefficients. Let Aq{G) be the space of cuspidal automorphic forms 
on G(A). Suppose that tt is an irreducible cuspidal automorphic representation 
of G{K) with space V-rr C Aq{G). Let denote the central character of tt. Let 

Suppose that v is as above. Denote by Za the center of G(A) so Zp^ C Ht{^)- 
Suppose that v\Zt, = ■ Define the v ® -^t Bessel coefficient of 4> to be 

^^'"(S)^ j {v®4,T)-\r)cl>{rg)dT. (3) 
ZAR(F)\R{k) 

6. SlEGEL ElSENSTEIN SERIES 

For more details about Siegel Eisenstein series of Sp2„ see Kudla and Rallis [T5] 
and Section 1.1 of Kudla, Rallis, and Soudry [TC] . 

Definition 6.1 (Induced Representation). The induced representation of Sp ^ 
to G(A) is defined to be 



/ : G(A) ^ C 



/ is smooth, right K -finite, and for 
peP{A),f{pg)=sl.^'+'\p)f{g) 



For convenience write Ind(s) = Indp|2j((5|,^'* ^''). Ind(s) is a representation of 
(flooj-f^oo) X G(Afin) under right translation. A standard section f{s, •) is one such 
that its restriction to K is independent of s. Let /(s, •) € Ind(s) be a holomorphic 
standard section. That is for all g G G(A) the function s i-> f{s,g) is a holomorphic 
function. 

For a finite place v define /°(s,-) to be the function so that f°{s,k) = 1 for 
k G K,. 

There is an intertwining operator 

M{s) : Ind(s) Ind(l - s). 
For Re{s) > 2, M(s) may be defined by means of the integral [TH 4.1] 

M{s)f{s,g):^ J f{s,wng)dn 

N(A) 
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where 



The induced representation factors as a restricted tensor product with respect to 

Ind(s) = (g)'lnd„(s), 



and so does the intertwining operator 



\M^{s). 



There is a normahzation of My (s) 

M*(s) 



C„(s + l)C.(2s) 



-M„(s) 



C.(s-l)C.(2s-l) 
where Cv{-) is the local zeta factor for F at v, so that 

Define the Siegel Eisenstein series 

E{s,f,g)^ E ^(^'^ff) 

'ieP{F)\G(F) 

which converges uniformly for Re{s) > 2 and has meromorphic continuation to all 
C |15) . Furthermore, the Eisenstein series satisfies the functional equation 

EisJ,g)=Eil~s,M{s)f,g) 

[151 1.5]. Later, it will be useful to work with the normalized Eisenstein series. Let 
S" be a finite set of places, including the archimedean places, such that for v ^ S 
U = f°. Define 

E*{s. /, 9) = (^'[s + 1) e{2s)E{3, Ig). (4) 

Kudla and Rallis completely determined the locations of possible poles of Siegel 
Eisenstein series [15]. The normalized Eisenstein series E*{s,f,g) has at most 
simple poles at so = l,2 [TSl Theorem 1.1]. 



7. The Weil Representation 

7.1. The Schrodinger ModeL Consider the orthogonal space Vt with symmetric 
form ( , )t, and the four dimensional symplectic space W with symplectic form < , >. 
Let W — Vt <E)W he the symplectic space with form <C , defined on pure tensors 
by <C u(^v, u'®v' » = (u, u')t < v,v' > and extended to all of W by finearity. The 
Weil representation uj — w^-i is a representation of Sp(W). However, restricting 

this representation to Sp{W) x 0{Vt) ^ S'p(W). Since the dimension of Vt is 
even, there is a splitting Sp{W) x 0{Vt) ^ Sp{W) x 0{Vt) [H Remark 2.1]. 

Suppose that X is a maximal isotropic subspace of W. Then X = X (^p Vt is 
a maximal isotropic subspace of W. The space of the Schrodinger model, iS(X), 
is the space of Schwartz-Bruhat functions on X. Let u be a place of F. If u is a 
finite place, then S{X{Fy)) is the space of locally constant functions with compact 
support. If V is an infinite place, then S{'K{Fy)) is the space of C°° functions all 
derivatives of which are rapidly decreasing. 

Identify X with V^ = Mat2. 
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The local Weil representation at a finite place v restricted to 

Sp{W){F,) X OiVT){F,) 
acts in the following way on the Schrodinger model 

u!y{m{a), l)ip{x) = xt.v ° det{a) |det(a)|.u ip{xa), 
ujy{n{X),l)ip{x) = il;rJ'rr^{X)(p{x), 
ujy{w, l)(pix) = 7 • (p{x). 
where 7 is a certain eighth root of unity, and ip is the Fourier transform of ip defined 

by 

(fix) = J ip{x')ij{{x,x')i)dx' . 

Here ( , )i is defined as follows: for x, y e X = Mat2 define 

{x,y)i := tr{x ■ y). 

Note that matrices of the form m(a), n{X), and w generate 5^4. 

The space iS(X(A)) is spanned by functions ip = (E)v^v where ipy = ip° is the 
normalized local spherical function for all but finitely many of the finite places v. 
At an unramified place ip^ = Ix(o^)- The global Weil representation, oj = (8>i,'w„, 
is the restricted tensor product with respect to the normalized spherical functions 

Suppose that Fy — R. Assume that tpT = exp(27ria;). Let Ki^y — Sp4(M)n04(M). 
Let Vr^ and VjT be positive definite and negative definite, respectively, subspaces 
of VriFy) such that VriFy) = y+ © For x e Vt define 

, . _ ( {x,x) if x e Vr^ 

^^'^^+ " { -ix,x) ifxeV^ 

For a; G let {x,x) = {{xi,Xj)i,j) E V^. Define 

ipl{x) = exp(-7rtr((a;,a;) + )). 

Now, suppose Fy = C. Assume that ipx = exp(47ri(a; + x). In this case Ki,y = 
Sp(4), the compact real form of Sp(4, C). There is a choice of basis so 

{x, x)+ — ^xx, 

and 

(p°y{x) = exp(-27rtr((a;,a;)+)). 

The subspace of Ki^y finite vectors in the space of smooth vectors, 5o(X(Fi,)) C 
S{X{Fy)), consists of functions of the form p{x)(p° where p is a polynomial on 
VriFy)^. 

7.2. Extension to Similitude Groups. Harris and Kudla describe how to extend 
the Weil representation to similitude groups [HI §3]. See also [T^] and [27] . 
The Weil representation can be extended to the group 

Y = {{g,h) e GSp4 X GSO{Vt) \ Xcig) = Xrih)}. 

For {g,h) E Y the action of Uy is defined by 

ujy{g,h)(p{x) = \XT(h)\~'^ ujy{gi,l)(p{h^'^x) 

where 

Xcigy^-h 
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Note that the natural projection to the first coordinate 

pi -Y GS'p(4) 
{9, h) ^ g 

is generally not a surjective map. Indeed, g G Im{pi) if and only if there is an 
h e GSOiVr) such that Xdg) = Xrih). Define 

G+ ■.= pi{Y). 

7.3. Theta Lifts. Let H = GSO{Vt): and Hi = SO{Vt). 
Definition 7.1. The theta lift of v-^ to G+{A) is given by the integral 

= J X! i^{g,hghi)ip{x)v^^{hghi)dhi. 

Ht(F)\Hx(K) ^^VriF) 

Here, hg G H{h) is any element so that Xxihg) = Xoig)- Note that Definition l7.1l 
is independent of the choice kg. Since Hi{F)\Hi{A) is compact the integral is 
termwise absolutly convergent [51] . 

There is a natural inclusion 

G{F)+\G{A)+ ^ G(F)\G(A). 

Consider 0^iiy~^) as a function of G{F)\G{A) by extending it by H §7.2]. 

If (p is chosen to be a if -finite Schwartz-Bruhat function, then 6^{v~^) is a 
if -finite automorphic form on G{F)\G{A) ,llj . 

8. The Degree Five L-function 

The connected component of the dual group of GSp4 is ^G° = GSp4(C) 1.2.2 
(5)]. The degree five L-function of GSp4 corresponds to the map of L-groups (SU 
page 88] 

g : GSp4(C) ^ PGSp4(C) S05(C). 

I describe the local L-factor explicitly when v is finite and tt^, is equivalent to an 
unramified principal series. Consider the maximal torus Ao of G and an element 

t e Ao: 



t = diag(ai , 02 , aoOj^ "'^,0002 ^) 



0.2 



-2 



(5) 



The character lattice of G is 

X^Zeo® Zei ® Zea 
where ei{t) = Oi. The cocharacter lattice is 

= zfo © z/i e z/2 

where 

/o(-u) = diag(l,l,u,M), fi{u) = diag(u, 1, 1), 

/2(w) = diag(l,M, l,w~^). 
Suppose 

TT^ = 7r„(x) = ind^[^^](x) 

where 

X(0 = Xi(ai)X2(a2)xo(ao), (6) 
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and t is given by ([5]). Then = G has character lattice X' = and cocharacter 
lattice X'"^ ^X. Let = e, G X'"" . Define 

i = n/;fc(^.))e^G°. (7) 

1=0 

Then i is the Satake parameter for 7r„ (x) Lemma 2] . The Langlands L- factor 
is defined in H IL7.2 (1)] to be 

L{s,TTy, g) : = det(/ - giijq'^y^ 

= (1 - q-TH^ - XiMq-T\^ - XlM-\-T' 

(1 - X2{^v)q;n-H^ - X2{w)-\-T'- 

Let 5 be a finite set of primes, including the archimedean primes, such that if 
V ^ S, then 7r„ is unramified. Then the partial L-function is defined to be 

The product converges absolutely for Re{s) ^ 17 \. 



9. Global Integral Representation 

The main result of this section is Theorem 19.41 which states that the integral 
unfolds as an Euler product of local integrals. 

As before G =GSp4, Gi =Sp4, P ~ MN is the Siegel parabohc subgoup of G, 
and let Pi= MiN = Pn Gi where Mi = AlnGi. 

The global integral is 

/(s;/,0,i/)=/(s):= J E[sJ,g)cj)[g)e^[y-^)[g)dg (8) 

Z,,G{F)\G{K) 

J E{s,f,g)<P{g)(^^{'^-^){g)dg (9) 

ZaG(F) + \G(A) + 

where equality holds because 9^{v^^) is supported on G(F)+\G(A) + . The central 
character of E{s,f,—) is trivial, and the central character of 9,^{i'^^) = uj^^, so 
the integrand is Za invariant. Since E{s, f, — ) and 6^{i'^^) are automorphic forms, 
they are of moderate growth. Since (/> is a cuspidal automorphic form, it is rapidly 
decreasing on a Siegel domain [THl L2.18]. Therefore, the integral Q converges 
everywhere that E{s, f,~) does not have a pole. 
Define 

A^'+ AT(i?(A)), := F"" n A^'+ C A^^+, 

A^'2 {a^\ae A^}, C := A^'2f^^+\A^^+. 

There is an isomorphism 

ZaGi{A)G{F) + \G{A)+ ^ C. (10) 

The isomorphism is realized by considering the map from G(A)+ — > C, g t-^ Xcig)- 
It has kernel ZaGi{A)G{F)+ . This fact is stated in [Sj. 

Identify with the subgroup of scalar linear transformations in H(A). 



Proposition 9.1. 

ZaHi{A)H{F)\H{A) =C. 



(11) 
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Proof. Consider the map H{A) C, h ^ Xxih). This map is onto by definition 
of A^'+. I must show that the kernel is ZaHi{A)H{F). Suppose Xxih) — a^/i 
where a € A^'^ and G By Hasse's norm theorem [13] there is an element 

hfj, G H(F) such that Xx^h) ~ /i. Let z(a) be the scalar matrix with eigenvalue a. 
Since XT{z(ay^hh'^'^) = I, hi = z{a)~'^hh'^/^ e i?i(A). Therefore, h = z{a)hih^. 
This shows that Zp^Hi{K)H{F) contains the kernel of this map. The opposite 
inclusion is obvious. This proves the proposition. □ 

Fix sections 

C G(A)+ C H{A) 

gc he 

Proposition 9.2. There is a measure dc on C and measures dhi and dgi on 

Hi{F)\Hi{A) and Gi{F)\Gi{A), respectively, such that 



f{h)dh = j J f{hih,)dhidc, 

Z^H(F)\H(K) C Hi{F)\Hi(K) 

and 

j fi9)dg = J J f{gigc)dgidc. 

ZaG{F) + \G{A)+ C Gi(F)\Gi(A) 

Proof. Let dh denote the right invariant measure on ZaH{F)\H(A}. Then by ^51 
Lemma 13.2] there are measures dhi and dhc so that for all / e {ZaH {F)\H (A)) 

J f{h)dh= j j f{hih,)dhidhe. (12) 

Z„H(F)\H{A) Z„Hi{A)H(F)\H(A) Hi{F)\Hi{A) 

Through the isomorphism pip define a measure dc :— dhc on C. By (fTO|) define a 
measure dgc ■= dc on ZaGi{A)G{F)~^\G{A)~^ . Then there is a choice of measures 
dg and dgi so that for / G L^{ZaG{F)+\G{A)+) 



I 



f{9)dg= j j f{gigc)dgidgc. (13) 



ZaG(F) + \G(A)+ ZaGi(A)G(F) + \G(A)+ Gi(F)\Gi( 



□ 



Then © equals 

E{s, f, gigc)H9i9c)0^{i^~'^){gigc) dgi dc. (14) 



/ 



C Gi(F)\Gi(A) 

Denote the theta kernel by 



^vi9i9c,hihc) ^ ^ uj{gigc,hihc)(p{x). 

a:GV|(F) 



Then 

&ip{'^^^){9i9c) ^ J 9^{gigc,hihc)i^^^{hihc)dhi 

Hi{F)\Hi{A) 
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As noted in section [7751 this integral converges absolutely. The following adjoint 
identity holds for the global theta integral 

J J E{sJ,gigc)(t){gigc)d^{gigc,hihc)v~^{hihc)dhidgi 

Gi(F)\Gi(k) Hi{F)\Hi{A) 

= J J E{s,f,gigc)(t){gigc)dvi9i9c,hihc)iy^^{hihc)dgidhi. 

Hi{F)\Hi{A} Gi{F)\Gi{A) 

Since Pi{F)\Gi{F) ^ P{F)\G{F), then 

7eP(-F)\G(F) ^gPi(F)\Gi(F) 

Then the inner integral of (|15l) becomes 

/(s,ffi5c) Hgigc) d^igigc, hihc) v~'^{hihc) dgi. 

Pi(F)\Gi(A) 

Expanding the theta kernel gives 

y f{s,gi9c)(l){gigc) ^ u}{gigc,hihc)tpix)iy~^{hihc)dgi (15) 

Gi(F)\Gi(A) x&V^iF) 

The Levi factor of Pi is Mi = GL2. The Weil representation restricted to this 
subgroup acts on 5(A) by 

uj{m{y), 1) (pi{x) = I dct(y)|A<^i(a;?/) 

for ipi e 5(A), y e GL2(A), and x e Mat2{k). Consider x G Mat2{F). If 
det(a;) = 0, then StahQi^^(^p^-^{x) contains a normal unipotent subgroup. By the 
cuspidality of this term vanishes upon integration. 
Therefore 

j f{s,gigc)4>{gigc) ^ uj{m{x)gigc,hihc)tp{h)i^^^{hihc)dgi 

Pi(F)\Gi(A) xeMat2(.F) 

f{s,gigc)<t>{9i9c) X! i^{m{x)gigc,hihc)(p{l2)i^^^{hihc)dgi 

Pi(F)\Gi(A) KGGLaCF) 

/(s, gigc) (p{gigc)i^{gigc, hihc)(p{l2) v^^ijiihc) dgi. (16) 

Ar(F)\Gi(A) 

Note that the integral 

J /(s, gigc) 4>{9i9c) t^(5iSc, hihc)ip{l2) v^^{hihc) dgi 

JV(F)\Gi(A) 

is Hi{F) invariant; however, the integrand is not. 
Then 

f{s,gigc) (f>{gigc)uj{gigc, hihc)(p{l2) dgi 

f{s, gigc)(f>{ngigc)uj{ngigc, hihc) (fih) dn dgi. 



N{F)\Gi 



Af(A)\Gi(A) N(F)\N(A) 
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Define 

^^(5):= J (j}{ng)ip:^^{n)dn. 

N(F)\N(A) 

Then 



/ 



(j){ng)uj{ng, hgh) (^(la) dn = cfF {g) aj{g, hgh)ip{l2). 



'3 

N(F)\N(A) 

This follows since for n G N(A) 

U!{ngigc,hihc)ipil2) = '(/'T^(n) a;(5i.gc, /iift-c)<^(l2), 
so the integral (fT6)) becomes 

J I f{s,gigc)<f{9i9c) 

C Hi(F)\Hi(A) N{A)\Gi{A) 

X iu{gigc, hihc)ip{l2) v^^[hihc) dhidgidgc, (17) 

Computing in the Weil representation 

w(giffc, hih,)ip{h) -|Ag(5c)II' {i (Ag(.9)"') .9i5c, l) ^ {(hiK)-') (18) 

=Xv ° det{hihc) \Xg{9c)\1^ \ det(/ii/ic)"^lA^ 

X iu {m{hih,)-h (Ag(3c)) gi5c, 1) ^ih). (19) 

For /i e Ht, det{h) e Ne/f(E''). Therefore, xv ° det(/i) = 1. 
Combining this with the fact that 

|Ag(3c)|a = I det (hihc) \a 

(see Section H]) and applying it to (fT9|) gives 

'^(ffiffc, hihc)(p{l2) = UJ [m{hihc)~^t {Xaigc)'^) gi.9c, l) <p(l2) 

= (6(/ii/ic)"'5iffc, 1) <^(l2). (20) 

Since \G{b{hihc)) — ^cigigc), the map gi n> b{hihc)gig^^ sends Gi to itself. 

Proposition 9.3. Let dg be the right invariant measure on N{A)\Gi{A), and 
g G P(A) C G(A). Then d(^h^) = |(5p(g)-i|A • dg. 

Proof. Suppose dn is Haar measure on N{A) and dg is the right invariant measure 
on iV(A)\Gi(A) normalized so that for / G Li(G'i(A)) 



fig)dg^ J J f{ng)dndg 

Gi(A) Af(A)\Gi(A) Af(A) 

Let g G P{A). The transformation ft, 1— 7> ghg^^ preserves Haar measure on Gi(A). 
Let £' be a measurable subset of Gi (A) such that with finite volume with respect 
to dgi, and let vol{E) denote this volume. Then the volume of N(A)\N{A)E is 
given by the formula 

vol{E) 



vol{N{A)\N{A)E) 



N{A)nE 



Since d{gng ^) = \Sp{g)\A ■ dn, then d{ghg i) = \Sp{g)\j^^ ■ dg. □ 

Since Sp{b{hihc)) — 1, the map gi i-t- b(hihc)gig~^ preserves the right invariant 
measure on N{A)\Gi{A). Substituting (pUj) into pT|) . and making the above change 
of variables gives 
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J J f{sMhihc)9iW{b{hiK)g^) 

C Hi(F)\Hi(k) N(A)\Gi{A) 

XLo{gi, l)(p{l2)v^^ (hihc) dgidhidgc. 

The ZaHi{A)H{F)\H{A) integral and the Hi{F)\Hi{A) fold together {H is abe- 
lian so hchi — hihc) to produce 

J J f[s,h{h)9i)f{h{h)gi)u{gi,l)v{l2)y-\hiK)dgidh. (21) 

Z„H{F)\H{A) Af(A)\Gi(A) 

Since b{h) £ -P(A), and Sp {b{h)) = 1, f{s,b(h)gi) = f{s,gi). Therefore, changing 
the order of integration in (j2ip and applying Proposition 19. 1 1 produces 

J /(s,5i)c^(gi,l)^(l2) J ^^{hgi)i^~\h)dhdgi (22) 

Af(A)\Gi(A) ZA-f/T(-F)\ffr(A) 

/(s,5i)0^''^(5i) ^(51, l)^(l2) d5i- (23) 



JV(A)\Gi(A) 

The next section shows that (j22l) converges absolutely for Re{s) > 2, justifying 
the change in order of integration. 

Proposition 9.4. Let 0-^'" = ®v4>^''^ , f{s,-) = <E}vfv{s,-), and (p — (E)v'Pv Then 
for Re{s) > 2 

J E{s,S,g)cj,{g)e{v-\p){g)dg (24) 

ZaG(F)\G(A) 

f{s,g)<f'''{g)uj{g,l)v{l2)dg (25) 

Ar(A)\Gi(A) 

= j /(s,ffoo)0'^'''(5oo)w(goo,l)v'(l2)rfgoo • Jl ^(s) (26) 

w/iere 

Iv{s)^ j fvis,gv)(t>v'''{9v)u}vigvA)'^viWd'gv (27) 

Af(F„)\Gi(J=^,) 

The uniqueness of the Bessel model is used to obtain the factorization in . 
When the local archimedean Bessel models are unique, the integral factors at these 
places as in (|27| . 



10. Absolute Convergence of the Unfolded Integral 
Proposition 10.1. The integral 

J J f{s,g)<f{hg)v'\h)u:{gA)^{l2)dhdg 

N(K)\Gi(K) ZaHt{F}\Ht(A) 

converges absolutely for Re{s) > 2. 

Proof. This argument follows 19^ to show that (p is bounded on Gi(A). By (THl 
Corollary 1.2.12, 1.2.18], </> is rapidly decreasing. To be precise, suppose © is a Siegel 
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domain for G(A). Let G(A)^ :— ker |x|a where x range over rational characters 
ofG. Then 

G(A)i = {.geG(A)||AG(.g)|A = l}. 
Therefore, Gi(A) C G(A)i. 

Definition 10.2 (A rapidly decreasing function on G(A) [TSl 1.2.12]). A function 
4> : & ^ C is rapidly decreasing if there exists an r > such that for all real positive 
valued characters A of the standard maximal torus Aq, there exists Go > such that 
for all z G Zf^ and g G G(A)"'^ n 6 the follwing inequality holds 

\c^{zg)\<Co\\z\rX{a{g)) (28) 

where \ \ ■ \ \ is the height function on G(A), and a(g) is defined so that if g — nak, 
then a{g) = a where n G Nq, the unipotent radical of the Borel, a G Aq, and k G K . 

By choosing z = 1, and A to be the adelic norm of the similitude character 
in (pS)) . then the right hand side of the inequality equals Go for g G 6 fl Gi(A). 
Therefore, </> is bounded on 6 n Gi(A). However, (j) is G{F) invariant, so is 
bounded on 

G(i^)(6nGi(A)) D Gi(A). 

The quotients Zp,HT{F)\HT{h^) and N{F)\N{k) are compact. Therefore, 

|i.(r)| = |^T(n)| -1 (29) 

for all r G Ht{A) n Gi(A), and all n G N{A). Assume that all representatives 
r G ZAHTiF)\HT{A) are chosen so that r G Gi(A). Then rgi G Gi(A) and 

|0(r5i)||i.-i(r)| <Go. (30) 

Furthermore, since ly^zA agrees with the central character of (p, ([50)) holds for all 
r G HriA). Then 



/ 



\cj,'^ihg)\\i^-\h)\dh= J \{i^®4'T)-\r)\\cj){rg,)\dr 

ZAHTiF)\HT{A) ZaR(F)\R{A) 

<vo\{ZaR{F)\R{A))-Co. 

Therefore, 



J J \f{s,g)\\^^{hg)\\u-\h)\\cj{g,lMl2)\dhdg 

N{A)\Gi{A) ZaHt(F)\Ht(A) 

<C I \fis,g)\\u;ig,lMl2)\dg. 

Ar(A)\Gi(A) 

The Schwartz-Bruhat function ip is ivT-finite, as is f{s, — ), so there is some open 
subgroup Kq < K such that [K : Kq] = n < oo, and ip and /(s, — ) are Xo-invariant. 
Let {ki}i<i<n be a set of irredundant coset representatives for K/Kq. We have 

Gi{k) = Pi{h.)K 

Suppose that p = m{a)n G Pi (A), and k G kiK^. Define ipi :— uj{ki, \)(p. Then we 
have 

C^(pfc,l)^(l2) =C^(p,l)w(fc,l)^(l2) 

= w(p)¥3,(l2) 

= i'Tin) XV ° det(a) | det(a)|A (pt{a). 
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Therefore, 

J \f{s,g)\\cj,'^^-'ig)\\io{g,lMh)\dg 

N(A}\Gi{A) 

- I J \sp{pr'\\sp{pr^'+'/'\\f{s,k)\\ioipk,iMu)\dpdk 

Af(A)\Pi(A) K 

n „ 

<vol(ifo) X ^ h)\ j |^,(a)| I det(a)|X-i da. 



GL2 



Absolute convergence of pO.ip depends only on the convergence of 

iy9i(a)| I det(a)|^^"'" da. 



GL2(A) 

The Schwartz-Bruhat function ipi = ®^pi^v is rapidly decreasing, i.e. Lpi^y is com- 
pactly supported at each finite places w, and ipi are rapidly decreasing when v is 
archimedean. Let Q be the Borel subgroup of GL2, and let L = H^t" where 

V 

Ly is the maximal compact subgroup of GL2{Fy) so that GL2 — QL. There is a 
compact finite index open subgroup Li < L such that tpi is Li invariant. Let cpij, 
j — 1, . . . , m, be the L translates of ipi. Then 



GL2 



|(/?j(a)|| det(a)|^ ^ da 

m „ 

= vol(L,) X I] y IVy (^)l I det(6)|r' db. 



Then 



\ip,jib)\\det{b)\l-'db 



a\ X 

0,2 

ai X 

0.2 



iaiir'ia2ir' 



(31) 



dx^^ (32) 



A \oi\a \02\h 

ai\'^^\a2\''i^'^ dxdaida2. (33) 



Since ipi decreases rapidly as |ai|A, |a2|A, and |a;|A become large, the integral ([55]) 
converges for Re (s) > 2. □ 

Corollary 10.3. There exists a real number C so that for every gi £ G'i(A), 

\c^'''''{9i)\<C. (34) 

Remark 1. Absolute convergence of the integral right of the line Re(s) = 2 is the 
best one could hope for since the Eisenstein series E{s, /, — ) has a possible pole at 
s = 2 by Section [HI and [HI Theorem 1.1]. 

11. Computation of the Unramified Integral 
The local integral is 

Ivis) = J fy{s,g)(j)l'''{g)ujy{g,l)ipy{l2)dg. (35) 

Ar(_F,)\Gi(F„) 
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Let u be a finite place. As before T 



~P 



Definition 11.1. The data for the integral Iy{s) are unramified if all of the fol- 
lowing hold: 

1. — G{Ov), and by the p-adic Iwasawa decomposition G{Fy) ~ P{F^)K^ 

2. (f)^''^ = (j)^''^ is the normalized local spherical Bessel function, i.e. it is right 
invariant 

3. i^t, = </3° = 1^^0*22(0^) normalized spherical function for the Weil repre- 
sentation 

-+- 

4. fv{g,s) — f°{g,s) — Sp^^{g) where the modulus character is extended to the 
entire group G{Fy) by Sp,v{pk) ~ Sp^^ip) for p £ P{Fy) and k € Ky 

5. v{HT(Oy)) = 1 

6. p e 

Assume that all the data are unramified for Iv{s). This is the case for almost 
every v. 

Let Pi = F n Gi, and Mi = M n Gi ^ GL2, and Ki^^ ^ n Gi(F„). With 
these assumptions the integrand of psp is constant on double cosets 
N{Fy)\Gi{Fy)/Ki^y. By thc p-adic Iwasawa decomposition, Gi = Pi{Fy)Ki_y, and 
since 

Ah{Fy)=N{Fy)\Pl{Fy) 

representatives may be found among representatives for Mi{Fy)/ {Mi(Fy) n Ki . 

By C] 



GL2(F) - [] H{Fy) 
Let TO > 0, and define 



m>0 



1 



GL2{Fy). 



(36) 



H'^iOy) H{Fy) n 



GL2(F„) 



Note that H'^{Oy) C H{Oy). 

Recall that E is the discriminant field of Vt- Define Ey := E ®p Fy. Let (■^) 
denote the Legendre symbol which equals —1, 0, or 1 according to whether v is inert, 
ramifies, or splits in E. By elementary number theory, (~) = for only finitely 
many primes v. This case is not considered. Call the case when (^) = —1 as the 
inert case, and the case when (-^^ = 1 as the split case. In each case E^' = H[Fy). 
If (■^) = —1, then EyjFy is an unramified quadratic extension. If (-^j = +1, then 
Ey = Fy (B Fy. lu thls case there is an isomorphism 

L:HiFy)^iFy(BFy)''. 

Let Hi := l^'^{{w,1)), and 112 := '-"^((1, t^))- Then detlli G p for i = 1,2, and 
111112 — diag['uj ,vd). 

11.1. The Inert Case. 

Proposition 11.2. // (-^j = —1, then a complete set of irredundant coset repre- 
sentatives for N{Fy)\Gi{Fy)/ Ki is given by 



where m > 0, n G Z, and h runs over a set of representatives for H (Oy) / H"^ (Oy) . 

Proof. This follows from the above decomposition ([55)) and the fact that H{Fy) — 
Z[Fy)H{Oy) where Z is the center of GL2. □ 
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Since 



ujy{m{g), l)(p°(l2) = XT^v o det(5) | det(g)|„ vlig), 
only m{g) with g G GL2{Fy) D Mat2,2(Ct)) are in the support of the 

uJv{m{g), l)¥'°(l2)- 

Hence, a complete set of irredundant representatives for the cosets in the support 
of u!v{m{g), l)(py{l2) is given by the representatives listed above with n > 0. 

Proposition 11.3. The various components of the integrand are computed as fol- 
lows 



4^^ 



^ -(2n+m)(s+l) 



(37) 



vol (N{Fy)\N{Fy)m I h 



, ij <^°(i2) = XT,.(t^r+™)g-('"+'"^ (38) 

„n+m 



6n-f 3m 



(39) 



Proof. The proof of ((37)) is just an application of (|4.ip . and (p8)) follows from 
Section EH 

To prove ([551) observe that there are measures dn on N and on N\Gi so that 



/ /(5)rf<7 

Gi 



f{ng)dndg 



N\Gi N 



and 



f{nmk)dg 



5p^{ni) f{nmk) dn dk dm. 



Ml K N 



Therefore, 5p\ ■ dg gives a right invariant measure on N{Fy)\Gi{Fy) normalized so 
that vol {N{Fy)\N{Fy)Ki^y) = 1. 

Again, let h he a representative for an element of H (Oy) / H"^ {Oy) , and let 



A{h, m, n) = N{Fy)\N{Fy) m ( h 
Then vol(^(ft,, to, n)) = 5p\ imih 



zu. 



□ 



Note that the integrand does not depend on the coset of H {Oy) / H™" {Oy) . 

Lemma 11.4 (Furusawa). The index [H{Oy) : H'^{Oy)\ = g"(l - (f ) i) for 
TO > 1. 

Then the local integral ([55]) is 
/„(s) = (l + i) ^ 4'1'' 



771, n>0 



1 



^ n>0 



2n(l-s) 



(40) 
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11.2. The Split Case. 

Proposition 11.5. // (■^) — +1, then a complete set of irredundant coset repre- 
sentatives for N{Fy)\Gi{Fy)/ Ki are given by 



TO hm 



where i — 1,2, m,k > 0, n G Z, and h are representatives for H {Ov) / H"^ (O^) . 

Proof. For every {x,y) G (F„ (BFy)^ there are unique integers ki, and k2 such that 
{x,y) = {w''^,w^^) ■ u where m G © C^. li ki > k2, then let i = 1. Otherwise 
i = 2. Let n = min{fci, /c2}, and k — ki — n. The resuh then follows from the 
decomposition ([5^ . □ 

Proposition 11.6. The various components of the integrand are computed as fol- 
lows 



S^,'"^ ( TO ( /in? 



(2n+m+k){s+l) 



LOy TO /ill: 



wo/ A^(i^„)\iV(F^)TO hW; 



7>^ \ 6n+3m+3/i: 



Proof. The only nontrivial part is volume computation which follows from an ar- 
gument that is similar to the proof of [71 Lemma 3.5.3]. □ 



Then the local integral (l35|) is 



2—1,2 m,n>0 



(2n+fe)(l-s) m(2-s) 



1 



9 



(2«+fe)(l-s) 



(41) 



1=1,2 n>0 

The expressions ([^0]) and (|^T]) are evaluated using Sugano's Formula. 

12. Sugano's Formula 

The results of this section were obtained by Sugano [32], but I follow the treat- 
ment found in Furusawa [7]. 
Define 

,2m+£ 

1 



hv {I, m) 



TaJ„ 



w : 



The local spherical Bessel function is supported on double cosets 

W R{F,)h,ii,m)GSpiiO,). 



e.m.>o 



In [32] Sugano explicitly computes the following expression when 0-^''^ is spherical: 
C4x,y)^ J2 4>y{K{l,m))x^'y'. 



e,m>o 



Since tTu is assumed to be a spherical representation, it is isomorphic to an unram- 
ified principal series representation. I describe this more precisely. 
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Let Pq be the standard Borel subgroup of G with Levi component Mq. 

ai 



Mo = < 



There exists a character 



02 



as 



04 



> . 



jy : Mo{Fy) 



that is trivial on Mo{Oy) such that TVy = Indp^^^^^^(7„). Then 7^ is determined by 
its values 



Ihv = Iv 



l3,v = Iv 



Wy 



ZUy 



, l2,v = Iv 



Wy 



Note that 
Let 



ll,vlS,v = l2,vlA,v = ^T!,v{'^v)- 





v{tue,v) 



if (f ) = -1, 



if 



u{wE,v) + v{^'h^y) if(f) = l- 

Theorem 12.1. (Sugano) 

Hv{x,y) 



= 0. 



Cy{x,y) = 



Py{x)Qy{y) ' 



where 



Py{x) = (1 - ^l,y^2,vqy - ^l,y^i,yqy x) 

(1 - I2,vl3,vqv'^x){l - ^3,vli,v(ly'^x), 
4 

Qv{y) = \[{i-ii,vqy^'^y), 

1=1 

Hy{x, y) = (1 + + A2X) + A2A^A-^ax^] 

-A2xy{aMi{x) - A^M2{x)} - A^Py{x)y - A2AiPy{x)y'^ , 
Ml (a;) = 1 - ^r^(^i + ^4)"^(^iAa! + ^4/? - A^Al - 2AiA2Ai)x 

M2{x) = 1 + A^\AiA2 - P)x + ^^^^2(^1^2 - /3)a;2 + AIx^, 



(x=qy^''^^li,v, 

Ai =qy\ 

A3 =q~^v{wy), 

M =qy'^ey. 



^i,v^j,vi 

l<i<j<4 

M =qy'^v{wy), 



A4 



qy ' 
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The parameters 7i,u differ from the parameters of Section [S] One verifies that 



l3,v = Xoil^v), 



74,« = X2Xo(ro„), 



and 

Therefore, 



Wtt,!, = XiX2Xo- 

ll,vl2.v = xlX2xl{'^v) = XI^ttA'^v), 
ll,vli.v = XlXlxli'^v) = Xl^^A'^v), 
72,1; 73,1) = XlXo(^i') = X2^^itA'^v), 
73, t; 74,1) = X2Xo(^d) = Xl^^T^A'^v)- 



(42) 



Proposition 12.2. Let Pi, P2 G X-iZ[X], i.e. Pi have constant coefficients, then 
Cy{Pi{q^^), P2{q^'^)) converges absolutely for Re(s) ^ 0. Therefore, the terms of 
this series may be rearranged without affecting the sum. 

The proposition is a consequence of the following lemma which is the local version 
of Corollary [1031 

Lemma 12.3. For each place v of F, there is a constant Ay > and a real number 
a independent of v so that 

\4>yi9v)\<Ay\\Gigy)\';. 

Proof. Again, I follow T^. Pick a place w\oo. Then for g e G(A) one may write 
g — Zwgi where gi G G(A)^, and is in the center of G(F^). Then by Corollary 
110.31 I estimate 

\(t>'^''' (9)1 ^krr, 10(2^10) l^l'/'^''' (51) |a 

=A-\XG{g)fJ'. 
Let go G G(A) so that tt'^''^ ^ 0. Then for each place v define 



\^g{9o,v')\T 
I</'^'^(5o,.')|a^ 



and let a = /3/2. 



□ 



If Re{s) is sufhciently large (to account for Ay and the coefficients of Pi), then 
comparing the series Gu(Pi (g^'*), ^2(9 ")) to a doubly geometric series completes 
the proof of the proposition. 



13. Computing the Local Integral 

13.1. The Inert Case. It is necessary to express ([3D]) as a linear combination of 
terms of the form Cy{x,y) where x and y are monomials in 5^". Since 



z(tu-"-'")/i,(2n,m), 
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then (pOj) gives 

n ^ — ^ 



m,n>0 



- ^ c.^,„(n7)-" </>^'''(/i.(0, 2n))g2"(i- 



n>0 



Proposition 13.1. When (-^j = —1 t/ie unramified local integral is 
his) =(1 + -) 5] i~L0^,,iw,)~\l-T\^^A^v)-'/^ql-n^'<l^yiKi2£,m)) 



qv 



£,m>0 



= (1 + — )[^<^^' (-a;^,„(Tx7^,)-ig2-s^^^^^(^^)-i/2^i-s\ 

L Z \ J 



1 

9d 



This expression was evaluated using Sugano's formula and Mathematica. 
Proposition 13.2. When = —1 the unramified local integral is 
his) = il - q-^)il - q-'^-^) 

(1 +7273t^7r,i,(n7i,)~^g~'')~^(l+7374a;^,i,(n7^,)"ig~^)^\ (43) 
Correcting by the normalizing factor ^ gives 
Proposition 13.3. When (-^j = —1, the normalized unramified local integral is 

Cvis+ l)Cl,(2s)/t,(s) = L(S, TTi, ^XT,v) 

Proof. This follows from comparing (|^^ and (021) • D 

13.2. The Split Case. Since XT,vi'^v) — (^) = 1, Xt,v does not appear in this 
part of the calculation. Since 



m n: 



= 6(nf )z(n7-™-"-'=) 
= bin'l)ziw-"'-"-^)h^i2n + k,m) 



VJ 



^ — n — m—k 



2m+2n+k 



.^ — n — k 



SO dH]) becomes 

his) = (1 - -) ^ ^ W^.-ul^ 



\ — 711— n—k 



villi)'' ct>yih,im, 2n + k)) qi^^+''^^'-^^ 



1=1,2 m,n,k>0 



i=l,2 ra,fc>0 
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First, suppose ^ 1^(112) which is equivalent to ^ a;^_^('cc7 

Proposition 13.4. 



uj^,^{w)-^j^{Ui)^ - 1 w^,,(n7)-iz/(n2)2 - 1 

and 



= (45) 
= 1. (46) 



W^,d(^^) - 1 UJjr^v{l^) ^^^(112)2 - 1 

Proof. Both identities foUow from the fact that (^(Hi) ■ i'{Il2) — a;7r_„(n7i,). □ 
Let 



' UJ^r^vi'^) V(ni)2 - 1 ■ UJTr,vi'^) ^1^(112)2-1' 

_ ^,r,ii(ro)~^t^(ni) _ ^7r,t)(ro)~^t^(n2) 

' u;^,„(m)-ii.(ni)2 - 1 2 w,,„(n7)-ii.(n2)2 - 1 ■ 

Then combining terms with 2n + k = i gives 
1=1,2 e,m>a 

- V (c.,,„(n7)-i/2gi-^)2^(c.,.,(n7)-ig2-«)>^^''(/i,(2f,m)) 

q ^-^ 

q ^-^ 

+ \Y.^L,^A-^r^y{^-M^'l'€AK{t. 0)) 



Applying Proposition 113.41 to (|47l) gives 

Proposition 13.5. When (■^) = +1 and v{J\.\) ^ 1^(112) the unramified local 
integral is given by 

+ ( 1 - — ) T]2 ■ C„(tJ^.t,(wt,)~^g2-s^^^ (■^^-)-ij,(-n2)(7i"^) 

\ qvj 

— 771 • c,„(o,w^,^(ti7„)"V(ni)(jf^"") 

-— ?72 •a(0,cj,,.(t:^.)-V(n2)g^-^). (48) 

Proposition 13.6. When (-^) = +1 the unramified local integral is 
lAs) = il + q-^){l-q-^-') 

(1 - 7i74W7r,i;(^^i;)"^'7^^)~^(l " 7l72W^,«(^^i;)~^9^'')~^ 

(1 - 7273'^7r,i;(^^^;)"^g^'*)~^(l ~ Isli^^n .viT^v)'^ qy")'^ ■ (49) 
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Proof. When i^(ni) ^ 1^(112) this foUows from applying Sugano's formula to 
and the computation was verified with Mathematica. To extend the identity to all 
values of and 1^(112) observe that the right hand side of (l44l) is equal to 

A{m)(t>yihvim,n + 2k))X"'Y''Z'', 

1=1,2 m,n,fe>0 

With X = c.-l(t^)9^^ Y = z = 0.-1 (^7)^^(^.)g^^ ^(0) = 1, 

and A{m) = 1 — i otherwise. This is an absolutely convergent power series 
for Re{s) ^ 0, and convergence is uniform as I'iTli) and 1^(112) vary in a com- 
pact set. Furthermore, for I'iTli) ^ v{Tl2) the sum is equal to a rational func- 
tion in q^^ that remains continuous for all values of and 1^(112) such that 
W7r,t)('Ci7)t^(ni)i/(n2) = 1. Then by uniform convergence the equality holds for all 
such values of i^(ni) and 1^(112). □ 

Proposition 13.7. When = +1, the normalized unramified local integral is 
Proof. This follows from comparing (H^ and (H^ □ 



14. Ramified Integrals at Finite Places 

Consider the local integral at a finite place v where some of the data may be 
ramified. 




fv{s,g) (fl'^ig) ujv{g, ^)(Pv{W dg. 



Af(F„)\Gi(F„) 

Let Kp,, = P{Fy) n Ky. Let Kp,,y = Pl{Fy) n K,, ^ Kl n Kp,y. 

Proposition 14.1. Let h : Kp,y\Ky C be a locally constant (i.e. smooth) 
function. Then there exists fy{s,k) G Ind{s) such that for all k £ Ky, f(s,k) = 
hik). 

Proof. This proposition follows from [6l Proposition 3.1.1]. □ 

Proposition 14.2. There exists a Ky-finite section fv{s,g) € Ind{s), and a Ky- 
finite Schwartz- Bruhat function ify £ S{lL{Fy)) such that Iy{s) = 1. 

Proof. This argument comes directly from |23l . 

Suppose that Ko is an open compact subgroup of G'i(F„) so that cpy'" is right Kq 
invariant. Consider the isomorphism j> : Mi — > GL2, m{a) 1—^ a. Let be an open 
compact subgroup of GL2(F„) such that C p{Mi{Fy) Ci Kq) H kerxr ° det. Let 
fv = ^K^- Since ipy is a smooth function, there exists an open compact subgroup 
K' C Gi{Fy) such that ujy{k,l)ipy = (py. Let /C = Kp^^y\Kp^^y ■ [K' n Kq). By 
Proposition 114.11 there is fy{s,-) G Ind(s) so that /t,(s,-)|A'i = ^Kp^,^iK'nKo)- 
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Then 

Ivis) ^ J f,j{s,g)(t)'^-''{g)u},j{g,l)tpy{l2)dg 

N{F,)\Gi{F,) 

J Sp{m{a)y^ fy{s,m{a)k)(j)^''' {m{a)k) 

UJy{'m{a)k, 1)951,(12) da dk 

fv{s,k) J \det{a)\l~'^4'y''^{rn{a)k)ujv{m{a)k,l)ipv{l2) dadk 

Kp^,^\Ki_, GL2(-F„) 

det{a)\l^'^ (jjy''^ {m{a)k) LOv{m{a)k, l)(^^(l2) da dk 

K. GL2(F„) 

det(a)l^-V^'''("^(a)fc)xr(det(a)) lK^{a)dadk (50) 

IC GL2(F„) 

For a e K^, \ det(a)|„ — 1, and (fy^''^ {m{a)) = 1 , then 

det{a)\l~^ (l)^''' {m{a)k) XT(det(a)) lK^{a) dadk 

IC GL2(F„) 

0^^'^(fc)dA. 

After normalizing measures and 0^''', /„(s) = 1. □ 

15. Ramified Integrals at Infinite Places 
Consider the integral at the infinite places from Proposition l9.4l 

loois)^ J f{s,g)4>^'%gMg,l)^{l2)dg. 

W(Aoo)\Gi(Aoe) 

Proposition 15.1. For every complex number sq there is a choice of of data 
fis,g) € Ind{s), and Lp — Lp^o ® ^fin G iS(X(A)) such that loo converges to a 
holomorphic function at sq, and /oo(so) 7^ 0. 

The proof of this proposition is essentially given in [231 §2], but is reproduced 
here with necessary changes. 

Proof. By the Iwasawa decomposition, G'i(Aoo) = Pi{Aoo)Koo, where Pi has Levi 
factor Ml = GL2. The integral /oo(s) may be broken up as a A/i(Aoo) integral and 
a Kac integral; 

Ioo{s) = J J Sp{m{a))~^ f{s,m{a)k)<jy'"''^ {m{a)k)u}{m{a)k,l)ip{l2) dadk 

-ffoo GL2(A3o) 

f{k,s) J \det{a)\'-'^(f^''im{a)k)uj{m{a)k,l)(p{l2)dadk. 

if 00 GL2(Aoo) 

Here | |oo denotes the valuation on Aqo defined by |a;|oo = 11 I^t'Ii" ^^-^^ det(a) £ 

V 

Aoo with V coordinate equal to det(a„). Since /(fc, s) is a standard section, it is 
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independent of s when restricted to Ko^- Write f{k,s) — f{k) for k e Koo- The 
integral 

A{k,s):^ J \det{a)\'-^(j)^^''{m{a)k)uj{m{a)k,l)ipocil2)da (51) 

GL2(A^) 

gives a function on (Afi(Aoc) n i^oo)\^oc = (^(Aoo) n Koo)\Koo- The function ip 
was chosen to be X-finite, in particular it is ii'oo-finite. Suppose that ip — ®v'fv, 
and ipoo = ®v\ooVv- Since the integrand of (j5ip is a smooth function of k, in the 
region of absolute convergence, A{—, s) is smooth function. 

There is some choice of data so that A(l, sg) 7^ 0. The function if^o is iiToo-finite. 
Let ip°^ = 00 fpliXy). According to (|7.1|) it is of the form 

where X = ^^^^0 ^-v G X(Aoo) and p{X) is a polynomial in X(Aoo)- In particular, 
I det(X)|oo is a polynomial in X(Aoo)- Pick p{X) to be of the form 

p(X)=q(X).|det(X)|^ 

where q{X) is a polynomial in X(Aoo) and n G N. By Lemma flO-SI c!)"^''^ is bounded, 
so in particular it is bounded on Afi(Aoo)- Therefore, 

A(l,so)= j |det(a)|^-i+"g(a)0^'''(m(a))da. (52) 

GL2(Aoe) 

For Re{so — 1 + n) >> the integral converges absolutely. Indeed, ip"^ decays expo- 
nentially as the entries of a become large while the rest of the integrand has poly- 
nomial growth at infinity. As the entries of a become small, so does | det(a)|^''^^+". 
The other terms in the integrand are bounded. 

By assumption on 0, there is some g G Gi(Aoo) so that (jP"''^{g) 7^ 0. By the 
Iwasawa decomposition I can write goo = na'k, where n G iV(Aoo), a' G A/i(Aoo), 
and k G ifi.oo- Since Ki^oo acts on the space of tt, replace 4> with 'K{k)(j) because 
the action of tt is compatible with taking Bessel coefficients. Assume k = 1. Since 
(j)^''^{na') = iprin) ■4)^''^{a'), and i/^rin) 7^ 0, then (j>{a') ^ 0. Since polynomials are 
dense in L^(X(Aoo)), then there is some choice of polynomial q so that A{1, sq) ^ 0. 

Therefore, j4(1,s) is a nonzero holomorphic function in a neighborhood of sq, 
and s) is a if-finite function of k on (A/i(Aoo) ni^oo)\-f^^oo- There is a bijection 
between /ndp^^"! and finite functions in L^((A'fi(Aoo ^Koa)\Koo) given by 

v\oo 

restricting / to K^. Therefore, there is a choice of 7^-finite standard section /(/c) 
so that 

J f{k,so)Aik,so)dk^O. □ 



16. Proof of Theorem 1 

This section summarizes the results of previous sections to prove Theorem [1] 
which is restated here. 

Theorem 1. Let tt be a cuspidal automorphic representation of GSp4{A), and 
4> = (Eiv4'v (z be a decomposable automorphic form. Let T and v be such that 
4>^'^ ^ 0. There exists a choice of section f{s, —) G /nd^|^|(5]/'^'"'' ^^'^'^), and some 
ip = ®vP^v G 5(X(A)) such that the normalized integral 

r{s- /, 0, T, y, p) = d(s) ■ i^(s, TT ® xt) 
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where S is a finite set of had places including all the archimedean places. Further- 
more, for any complex number sq, the data may be chosen so that d{s) is holomor- 
phic at Sq, and d{so) ^ 0. 

Proof. There is a finite set of places S including all the archimedean places, such 
that for V ^ S, the conditions in Definition 111.11 are satisfied. Consider the normal- 
ized Eisenstein series E*{s, f, g) = {s + 1) C^{2s)E{s, f,g) that was described in 
(|4]). Define I*{s; f,(j),T,v,ip) to be the global integral defined in ([9]) except that 
E{s,f,g) is replaced by E*{sJ,g). 

By Proposition 19.41 the integral factors as 

r(s;/,</),r,z.,(p) = /oo(s) X Yl his) X []z:(s). 

v<oo yds 

Here, I*{s) — Qu^s + l)Ci,(2s)/i,(s). According to Proposition 113.31 and Proposition 
nXTlfor vis, 

= L{s,1Ty ®XT,v)- 

By Proposition 114.21 for every finite place v E S, there is a choice of local section 
fvis, —) and local Schwartz-Bruhat function ipy so that 

Ivis) = 1. 

By Proposition 115.11 there is a choice of data at the infinite places, /oo(s, — ), and 
ifoo, so that /oo(s) is holomorphic at sq, and /oo(so) 7^ 0. 

Choose /(s, — ) = (8't,/t,(s, — ) so that /^(s, — ) is the choice specified above for 
V G S, and the local spherical section otherwise. Similarly, choose tp — so 
that ipv is the choice specified for v € S, and the local spherical Schwartz-Bruhat 
function otherwise. This completes the proof of the theorem. □ 
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